Abstract. In this article, the magneto-hydrodynamics (MHD) boundary layer ow of an Upper-Convected Maxwell (UCM) uid has been studied. The governing equations of the MHD boundary layer ow of UCM uid have been reduced to nonlinear Ordinary Di erential Equations (ODEs) by using similarity transformation. The basic idea of Optimal Homotopy Asymptotic Method (OHAM) for the nonlinear ODEs has been presented. The results obtained by OHAM have been compared with those of Homotpy Perturbation Method (HPM) and numerical Boundary Value Problem Method in order to verify accuracy of the proposed method. The e ect of the Hartman and Deborah numbers has been discussed. It has been observed that with increase in Hartman number, velocity component steadily decreases and when increasing the magnetic force, thickness of the boundary layer decreases. The obtained solutions show that OHAM is an e ective, simpler, easier, and explicit method.
Introduction
Nonlinear phenomena play a signi cant role in applied mathematics, physics, and engineering sciences because most of the problems in these elds of study are nonlinear, particularly in the non-Newtonian MHD uids. Few analytic methods have been presented as solutions to nonlinear problems. Most of the techniques like Adomian Decomposition Method (ADM) [1] , Variational Iteration Method (VIM) [2] , Di erential Transform Method (DTM) [3] , Homotopy Perturbation Method (HPM) [4] , and Radial Basis Function (RBF) [5] are used as solutions to weakly nonlinear problems and they are limited for strongly nonlinear problems. neering. Maxwell model is one of the non-Newtonian uid models having the relaxation phenomena. This type of uid has much application in viscoelastic problems which contain small dimensionless relaxation time [17] [18] [19] . Most of the MHD problems are nonlinear and strongly nonlinear. An enormous amount of research work has been invested in the study of nonlinear problems [20] [21] [22] [23] [24] . In this article, we shall deal with the MHD Maxwell ow problem, a strongly nonlinear boundary value problem [25] . Recently, some of the authors have studied e ect of MHD on UCM uid with heat and mass transfer [26, 27] .
The motivation of this paper is to apply OHAM for the solution of MHD Maxwell ow problem. In [11] [12] [13] [14] [15] , OHAM has been proved to be useful for obtaining an approximate solution of nonlinear boundary value problems. In this work, we have proved that OHAM is also useful and reliable for the solution of MHD Maxwell ow problems equation, hence, showing its validity and great potential as the solution to transient physical phenomenon in science and engineering.
In the succeeding section, the basic idea of OHAM [11] [12] [13] [14] [15] is formulated for the solution of boundary value problems. In Section 3, the e ectiveness of the formulation of OHAM for MHD Maxwell ow problem has been studied.
Fundamental mathematical theory of OHAM
Let us see the OHAM in the following general nonlinear di erential equation:
along with boundary conditions of the form:
where L is the linear operator, f(x) is an unknown function, h(x) is a known function, N(f(x)) is a nonlinear di erential operator, and B is a boundary operator. According to OHAM, one can construct an optimal homotopy (x; r) : 
Next, we choose auxiliary function H(r) in the form: H(r) = rC 1 + r 2 C 2 + r 3 C 3 + ; (8) where C 1 ; C 2 ; C 3 ; are constants and can be found later.
To obtain an approximate solution, we expand (x; r; C i ) by Taylor's series about r in the following form: (x; r; C 1 ; C 2 ; ; C i ) = f 0 (x)
Now, substituting Eq. (9) into Eqs. (1) and (2) and equating the coe cient of like powers of r, we obtain the zeroth-order problem given by Eq. (7); the rstand second-order problems are given by Eqs. (10) and (12), respectively, and the general governing equations for f k (x) are given by Eq. (12): 
It should be underscored that f k for k 0 is governed by the linear equations with linear boundary conditions that come from the original problem, which can be easily solved. It has been observed that the convergence of the series in Eq. (9) depends on the auxiliary constants C 1 ; C 2 ; . If it is convergent at r = 1, one has:
Substituting Eq. (14) into Eq. (1), the following expression for residual can be obtained:
If R(x; C 1 ; C 2 ; ; C i ) = 0, thenf(x; C 1 ; C 2 ; ; C i ) is the exact solution of the problem. Generally, it does not happen, especially in nonlinear problems. For determination of auxiliary constants, C i , i = 1; 2; ; m, there are di erent methods like Galerkin's method, Ritz method, Least Squares method, and Collocation method. One can apply the method of Least Squares as follows:
where a and b are two values depending on the nature of the given problem. The auxiliary constants C i , i = 1; 2; ; m, can be optimally found from Eq. (17):
The mth-order approximate solution can be obtained by these optimal constants. The constant C i can also be determined by another method as follows: 
The convergence of OHAM is directly proportional to the number of optimal constants C 1 ; C 2 ; , which is determined by Eqs. (16) and (17) . It is easy to observe [13] that the Homotopy Perturbation Method (HPM) proposed by He [4] is a special case of Eq. (3) when H(r) = r. Moreover, the Homotopy Analysis Method (HAM) proposed by Liao [11] is another special case of Eq. (3) when H(r) = r~, where~is chosen from \~-curves" [12] .
Problem formulation and solution
To demonstrate e ectiveness of the OHAM formulation, consider the two-dimensional ow of an incompressible upper-convected Maxwell uid. A uniform static magnetic eld, B 0 , is applied perpendicular to the direction of ow. The continuity equation of the ow is [25] :
The Cauchy Stress tensor, T , for the Maxwell uid is expressed as [26] :
where the extra stress tensor, S, is calculated [26] by:
In Eq. (21), is the viscosity, is relaxation time, and the rst Rivlin-Ericksen tensor, A 1 , is given by [28] :
The momentum di erential equation for this ow is given by: dV dt
where is density, f b is body force, and p is the pressure. The magnetic force in the x direction is given by Lorenz force [29] :
where F L is the Lorentz force, J is electric current density, and B is magnetic ux. The current density is obtained by Ohm's law [29] :
where is electric conductivity and E is electric eld. A magnetic eld in the medium is induced by the motion of electrically conducting uid in an applied magnetic eld, known as induced magnetic eld. The total magnetic eld comprises the applied and induced magnetic elds. The induced magnetic eld may be neglected at small magnetic Reynolds numbers [30] . According to the mentioned assumption, the electric eld is zero because the external polarization of ionized uid is assumed to be zero. E = 0 in Eqs. (24) and (25) reduces them to:
The steady momentum equation is given by:
where S xx ; S xy ; S yx , and S y y are the components of extra stress tensor. In the absence of pressure gradient and boundary layer approximation [25] , we have:
where is kinematic viscosity. The boundary conditions for the problem are [25, 28] 
from which we obtain:
First-order problem: 
Its solution is: 
Adding Eqs. (36) and (39), we obtain:
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Results and discussions
The formulation presented in Section 2 provides highly accurate solutions for the problems demonstrated in Section 3. We have used Mathematica 7 for most of our computational work. In Table 1 Figure 1 shows the variation of f(x) against x for di erent values of M at xed value of Hartman number, = 0:5. Also, Figure 2 shows the variation of f 0 (x) with respect to x for di erent values of M at = 0:5. is larger and for large values of Hartman number, the boundary layer thickness is smaller. Figure 3 shows the variation of f(x) with respect to x for di erent values of at constant value of M = 0:5, while Figure 4 represents the variation of f 0 (x) with respect to x for 
Conclusion
In this work, we have seen e ectiveness of OHAM [11] [12] [13] [14] [15] for MHD boundary layer ow of an incompressible upper-convected Maxwell uid. By applying the basic idea of OHAM to MHD boundary layer ow of an Incompressible Upper-Convected Maxwell Fluid, we found it simpler in applicability and more convenient to control convergence; also, it contained less computational overhead. Therefore, OHAM shows its validity and great potential for the solution MHD boundary layer ow of incompressible upper-convected Maxwell uid problems arising in science and engineering. It has been observed that with the increase of Deborah number, the velocity pro les f(x) and f 0 (x) steadily decreased and when increasing the Hartman number, thickness of the boundary layer decreased. The e ect of Deborah number on the velocity pro les has been observed for low Hartman numbers 0 M 0:5 and for high Hartman numbers M > 0:5. It has been observed that the velocity pro les at low Hartman numbers are di erent from those at high Hartman numbers. 
